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1. INTRODUCTION 
Design of a lattice dome usually will lead to elements of many different 
lengths. However, this is undesirable from the point of view of 
manufacture, sorting and assembly of the structure. Although the 
construction of lattice domes is simplified by digital facilities and 
software, the problems with excessive element length variations still 
exist. 
The technique to be presented in this paper is “Surface Sphere Packing” 
which is used by researchers including Tόth [1], Tarnai [2] and Basso 
[3]. The idea is to find an arrangement of small equal balls (spheres) on 
a spherical cap (surface) such that the maximum number of the balls are 
touching each other. 
In this paper, the Surface Sphere Packing technique will be introduced 
using a graphical approach. The idea is then formulated algebraically in 
terms of a number of parameters based on formex algebra, which is a 
mathematical system for processing information related to geometric 
forms [4]. The parametric formulation is then used in the programming 
language Formian. 
2. SURFACE SPHERE PACKING 
The objective of this paper is to create a new family of dome patterns 
using the “Surface Sphere Packing (SSP)” technique. The ultimate aim 
is to create patterns on spherical caps with a high proportion of equal 
length members. Having a high degree of equal length members in a 
pattern of a lattice dome will have the following benefits: 
• Decreasing the time and cost of manufacturing of members, 
• Making the sorting and labelling of the members easier, 
• Increasing the speed of assembly with lower probability of 
mistakes in member arrangement, 
• Having more regular cladding shapes which will reduce the 
cost of construction. 
In addition, the presence of a high degree of equal length members in a 
pattern will, usually, make it more attractive visually. 
2.1. Touching spheres 
SSP (Surface Sphere Packing) is based on a basic property of a sphere, 
namely, the centre of the sphere is of equal distance from any point on 
its surface. This distance is the radius of the sphere. Furthermore, any 
sphere can touch another sphere in just one point, Fig. 1. The figure 
shows two spheres with different radii that are in contact at a “touching 
point”. The radius of the smaller sphere (Sphere 1), is denoted by r1 and 
that of the larger sphere (Sphere 2), is denoted by r2. The centres of the 
spheres and their touching point are collinear. Additionally, the centre to 
centre distance of the spheres, which is denoted by C, is equal to the sum 
of their radii (C = r1 + r2). 
 
Fig. 1. Two touching spheres with different radii (r1 and r2). The centre 
to centre distance of the spheres is equal to the sum of their radii. 
2.2. Touching equal spheres 
The centre to centre distance of two touching equal spheres is twice the 
radius. Therefore, this distance is equal to diameter d of the spheres. Fig. 
2 shows two touching equal spheres, with their centre to centre distance 
C being equal to the diameter d. 
 
Fig. 2. Two touching equal spheres 
2.3. Flat and curved surfaces 
Two touching equal spheres with diameter d, whose centres are on a flat 
surface, are shown in Fig. 3a. The touching point of these spheres is also 
located on the same flat surface and the centre to centre distance of the 
spheres is equal to their diameter. 
Fig. 3b shows two touching equal spheres on a curved surface. Here 
again, the centres of the spheres and their touching point are collinear 
with the distance between the centres being equal of the diameter of the 
spheres. However, here the touching point is not necessarily on the 
curved surface. The curve representing a surface in Fig. 3b is a section 
of any surface including a free-form surface. 
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Fig. 3. Two touching equal spheres on flat and curved surfaces. The 
centres of the spheres and their touching point are collinear. Although, 
the touching point is not on the curved surface, the centre to centre 
distance in both cases is equal to the diameter of the spheres. 
Fig. 4a shows a number of touching equal spheres on a spherical cap. 
The resulting pattern created by connecting the centres of the touching 
spheres is shown in Fig 4b. All the elements in this pattern are of the 
same length, equal to the diameter of the spheres d. Also, all the apices 
of the pattern are on the cap. The details including how the spheres are 
placed on the surface and the particulars of the pattern will be discussed 
later. 
 
Fig. 4. Touching equal spheres on a spherical cap with the resulting 
pattern 
2.4. Equilateral polygons 
Consider the arrangement of Fig. 5. The figure shows three touching 
equal spheres whose centres are on a flat surface. The equilateral 
triangle in this figure is created by connecting the centres of the spheres. 
Each side of this triangle is equal to the diameter of the spheres. 
 
Fig. 5. An equilateral triangle created by connecting the centres of three 
touching equal spheres. 
Other equilateral polygons can be created in the same manner, as 
exemplified in Fig. 6. This figure shows eight equilateral polygons 
created by connecting the centres of touching equal spheres with their 
centres being on a flat surface. Each side of these polygons is equal to 
the diameter of the spheres and all the touching points are on the flat 
surface. The patterns on the left of Fig. 6 are all regular but the ones on 
the right are irregular, although, all of them are equilateral. The figures 
on the right include a “concave” irregular heptagon. 
 
Fig. 6. Eight equilateral polygons created by “surface sphere packing 
(SSP)”. 
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The equilateral polygons can also be created by connecting the centres 
of touching equal spheres placed on a curved surface. The apices of the 
polygons in this case will be on the curved surface with each side of the 
polygons being equal to the diameter d of the spheres. However, in this 
case the touching points will not necessarily be on the curved surface, 
Fig. 3b. 
Generally, equilateral polygons can be made on any surface using 
spheres as explained above. These polygons are the key elements for the 
structural configuration to be created by the SSP technique, as will be 
discussed in the sequel. In this approach, the more touching points are 
involved in the arrangement of the spheres, the more equal length 
members will be in the resulting configuration. 
3. SPHERE PACKING ON A SPHERICAL CAP 
3.1. Fundamentals 
A spherical surface with a radius R is shown in Fig. 7. A cap of this 
spherical surface is shown by thick line. The cap starts from a base ring 
up to the north pole of the sphere. In Fig. 7, half of the central angle of 
the cap is represented by A. This angle is referred to as the “sweep 
angle” of the cap. The radius of the base ring of the cap, that is, r1 can be 
determined as follows: 
r1 = R sinA                                             (1) 
 
Fig. 7. A spherical surface with radius R. The sweep angle of a cap of 
the spherical surface is denoted by A. 
The base ring of the cap can be fully packed by a number of touching 
equal spheres, whose centres are on the base ring. An example of a base 
ring with radius r1 which is fully packed by 13 touching equal spheres is 
shown in Fig. 8. The central angle of any two touching neighbouring 
spheres is denoted by t. The angle t is also the central angle containing a 
sphere on the ring and can be obtained as 
t = 360 / 13                                             (2) 
The diameter of the touching spheres in this case can be determined as 
follows: 
From triangle P1C1Q in Fig. 8 
sin (t / 2) = d / 2r1 
Therefore, one can write 
d = 2r1 sin (t / 2)                                        (3) 
Substituting Eqn 2 into Eqn 3 
d = 2r1 sin (180 / 13) 
 
Fig. 8. The base ring of a cap with radius r1 which is fully packed by 13 
touching equal spheres with diameter d. 
In general, a base ring with radius r1 can be fully packed by n1 touching 
equal spheres, where the diameter of each sphere can be obtained from: 
d = 2r1 sin (180 / n1)                                     (4) 
Note that n1 must be a natural number larger than or equal to 3, 
otherwise the ring cannot be fully packed by touching equal spheres. 
Now, consider the arrangement in Fig. 9. In this figure, the points P1 and 
P2 on the base ring are the centres of two touching equal spheres with 
diameter d. Let the origin of the Cartesian coordinate system be at the 
centre of the spherical surface and let the Z axis pass through the north 
pole (of the cap). Also, let the coordinates of the centres of the two 
touching equal spheres be P1 (X1, Y1, Z1) and P2 (X2, Y2, Z2). 
 
Fig. 9. Two touching spheres of diameter d, with their centres P1 and P2 
on the base ring of a spherical cap, where A is the sweep angle of the 
cap, R is the radius of the spherical surface, r1 is the radius of the base 
ring and t is the central angle of the two touching spheres. 
Once the coordinates of point P1 are known, then the coordinates of 
point P2 can be obtained from those of point P1, as explained below. 
Since points P1 and P2 are on the base ring, one can write 
X1
2 + Y1
2 = r1
2                                          (5) 
and 
X2
2 + Y2
2 = r1
2                                          (6) 
Also, points P1 and P2 are the centres of two touching equal spheres with 
diameter d. Therefore, the distance between these two points is equal to 
d, as shown in Figs 2 and 3. Furthermore, the X, Y and Z components of 
line P1P2 are (X2 – X1), (Y2 – Y1) and (Z2 – Z1), respectively. Therefore, 
(X2 – X1)
2 + (Y2 – Y1)
2 + (Z2 – Z1)
2 = d 2                    (7) 
Also, since the base ring is perpendicular to the Z axis, then 
4 
Z2 = Z1 
Thus, Eqn 7 reduces to 
(X2 – X1)
2 + (Y2 – Y1)
2 = d 2 
or 
X2
2 + X1
2 – 2X1X2 + Y2
2 + Y1
2 – 2Y1Y2 = d
 2                     (8) 
Substituting Eqns 5 and 6 into Eqn 8, 
2r1
2 – 2X1X2 – 2Y1Y2 = d
 2 
or 
2X1X2 + 2Y1Y2 = 2r1
2 – d 2 
Therefore 
X2 = ((2r1
2 – d 2) – 2Y1Y2 ) / 2X1                            (9) 
Substituting Eqn 9 into Eqn 6 
(2r1
2 – d 2)2 + 4Y1
2Y2
2 – 4 (2r1
2 – d 2) Y1Y2 + 4X1
2Y2
2 = 4X1
2r1
2 
Or, factoring with respect to Y2 
(4X1
2 + 4Y1
2) Y2
2 – 4Y1 (2r1
2 – d 2) Y2 + (2r1
2 – d 2)2 – 4X1
2r1
2 = 0  (10) 
Note that the coordinates of P1 are considered as known. 
Now, letting 
U1 = 4X1
2 + 4Y1
2 
U2 = 4Y1 (2r1
2 – d 2) 
U3 = (2r1
2 – d 2)2 – 4X1
2r1
2 
the quadratic Eqn 10 becomes 
U1Y2
2 – U2Y2 + U3 = 0 
Hence, Y2 can be determined as 
Y2 = (U2 ± (U2
2 – 4U1U3 )
0.5 )/ 2U1                          (11) 
The X2 coordinate of point P2 can then be obtained from Eqn 9. 
Eqns 9 and 11 provide two pairs of values for X2 and Y2 (corresponding 
to the + and – signs in Eqn 11). One pair represents the coordinates of 
point P2 which is the centre of a neighbouring sphere and the other pair 
represents the coordinates of point P3 which is the centre of the other 
neighbouring sphere of the original sphere (with the centre P1), see Fig. 
10. 
 
Fig. 10. Plan view of three touching equal spheres with diameter d 
whose centres are on the base ring. 
Eqn 1 shows that the radius of the spherical surface R, the sweep angle 
of the spherical cap A and the radius of the base ring r1 are correlated 
parameters. Also, Eqn 4 shows that in a fully packed base ring, the 
radius of the base ring r1 and the diameter of the spheres d are correlated 
with the number of spheres on the base ring n1. 
 
3.2. A Graphical Representation 
An example of a base ring which is fully packed by a number of 
touching equal spheres is shown in Fig. 11. The figure shows 48 
touching equal spheres which are fully packed on the base ring. 
 
Fig. 11. A fully packed base ring with 48 touching equal spheres. 
Now, consider Fig. 12. The figure shows the same arrangement of gold 
touching spheres of Fig. 11, in addition to 24 silver spheres, with the 
same size as the gold ones, whose centres are on a spherical cap similar 
to that of Fig. 11. Each of the silver spheres in Fig. 12 is touching two 
neighbouring gold spheres. This arrangement of groups of three 
touching spheres is created based on the fact that any three touching 
equal spheres can be placed on a surface, as described in Section 2.4. 
The process of placing the silver spheres on the spherical cap will be 
discussed in the sequel. 
 
Fig. 12. A fully packed base ring of a spherical cap, by 48 touching 
equal spheres in gold colour and 24 silver spheres with the same size as 
the gold ones. The centres of silver spheres are on the spherical cap, 
while each of them is touching two neighbouring gold spheres. 
To further elaborate, consider a set of three points being the centres of 
three touching equal spheres with diameter d, on a cap with radius R and 
sweep angle A, as shown in Fig. 13. The points P1 and P2 are on the base 
ring and point P3 is above them on the second ring. An equilateral 
triangle with side d, whose apices are on the cap, is created by these 
three points, as described in Section 2.4. 
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Fig. 13. A cap of a sphere with radius R and sweep angle A. The points 
P1, P2 and P3 are the centres of three touching equal spheres with 
diameter d, being on the spherical cap. 
The points P1 and P2 with a distance d in Fig. 13, can be anywhere on the 
base ring. However, once the positions of points P1 and P2 are fixed, 
there will be just one position for point P3 on the spherical cap, being at 
the same distance from points P1 and P2. The second ring is the locus of 
points like P3, having the same distance (e.g. distance d) from a set of 
two points on the base ring (e.g. points P1 and P2). The details for 
determining the coordinates of the third point and the position of the 
second ring based on the coordinates of points P1 and P2 will be 
discussed in the sequel. 
Now, consider Fig. 14. A perspective view of a pattern is shown in this 
figure. The pattern is created by connecting the centres of 72 touching 
equal spheres on a spherical cap, similar to the arrangement in Fig. 12. 
The base ring of the spherical cap is fully packed by 48 touching equal 
spheres and the rest of the spheres (i.e. 24 spheres) are on the second 
ring, with each sphere on the second ring touching two neighbouring 
spheres on the base ring. The pattern contains 24 similar equilateral 
triangles and 24 members with the length equal to the side of the 
triangles on the base ring. The pattern has 96 members in total. The 
length of all the members of the pattern is equal to the diameter of the 
touching spheres. 
 
Fig. 14. A perspective view of a pattern created by connecting the 
centres of 72 touching equal spheres on a spherical cap, similar to the 
arrangement in Fig. 12. 
Now, consider a cap of a sphere with radius R, as shown in Fig. 15. The 
sweep angle of the spherical cap in the figure is represented by A1, 
which is less than 90˚. In addition, the sweep angle of the second ring is 
denoted by A2. The sweep angle of a ring is half of the central angle of 
the ring. It is obvious that the sweep angle and the length of the second 
ring in Fig. 15 are less than those of the base ring. Therefore, the 
maximum number of equal spheres which can be placed on the second 
ring is less than that of the base ring. Details for determining the sweep 
angle of the rings of a spherical cap will be described in the sequel. 
 
Fig. 15. A spherical cap with radius R and sweep angle A1, which is less 
than 90˚. Also, a second ring which is parallel to the base ring is shown. 
The sweep angle of the second ring is denoted by A2, which obviously is 
less than A1. 
Generally, in a spherical cap with a sweep angle less than 90˚, the 
maximum number of equal spheres that can be fully packed on a ring, 
will be on the base ring. Also, in a radially symmetric arrangement, the 
number of the equal spheres on the second ring is half of the number of 
the equal spheres on the base ring, as shown in Fig. 12. 
Now, consider a radially symmetric arrangement of a number of equal 
spheres on three rings of a spherical cap, as shown in Fig. 16a. The 
arrangement is similar to that of Fig. 12, except for the additional bronze 
spheres on the third ring. Here, each bronze sphere is touching two 
neighbouring silver spheres. Since the silver spheres on the second ring 
are not fully packed, the number of bronze spheres on the third ring can 
be similar to that of the second ring (i.e. 24 spheres). A pattern created 
by connecting the centres of the touching neighbouring spheres of this 
arrangement is shown in Fig. 16b. 
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(a) The arrangement of equal spheres on a cap 
 
(b) The resulting pattern 
Fig. 16. A radially symmetric arrangement of a number of equal spheres 
on three rings of a spherical cap and the resulting pattern. 
The pattern in Fig. 16a contains 144 members of the same length, with 
all the apices being on the spherical cap. The pattern contains 24 
equilateral triangles and 24 equilateral pentagons. The distance between 
the spheres on the third ring is less than that of the second ring, due to 
the decrease in the length of the rings, as described earlier, see Fig. 15.  
In general, the process of placing equal spheres on rings can be 
continued by the same number of the spheres, until the distance between 
the spheres on a ring become less than the diameter of a sphere. The 
number of the spheres on the ring in this stage must be reduced to half of 
the number of spheres on the previous ring. 
Now, consider the arrangement in Fig. 17a. The figure shows a fully 
packed spherical cap by equal spheres. The equal spheres are radially 
symmetric on the rings of the cap. Obviously, the number of the spheres 
on each ring depends on the length of the ring and the diameter of the 
equal spheres. Fig. 17b shows a perspective view of the resulting pattern 
based on the arrangement in Fig. 17a. The pattern contains a number of 
equilateral polygons (i.e. triangles, quadrangles, pentagons and 
hexagons), in addition to a star-like form at the top of the cap. 
Additionally, all the apices of the pattern are on the spherical cap and all 
the members are of the same length. 
 
(a) A radially symmetric sphere packing on a cap 
 
(b) The resulting pattern 
Fig. 17. A fully packed spherical cap by radially symmetric arrangement 
of equal spheres and the resulting pattern. 
Generally, a pattern on a spherical cap containing members with the 
same length can be created based on a radially symmetric arrangement 
of equal spheres on the rings of the cap. The process of creating such 
patterns is described here in a graphical manner. However, the rigorous 
numerical formulation of the process will be described in Section 5. 
4. SPHERES ON A SPHERICAL SURFACE 
The process of finding the positions of the rings on a spherical cap for 
creating a radially symmetric arrangement of equal spheres will be 
discussed in this section. 
4.1. Touching equal spheres on a spherical cap 
Consider the arrangement in Fig. 18. The figure shows a cap of a sphere 
with radius R whose sweep angle is denoted by A. The points P1, P2 and 
P represent the centres of three touching equal spheres with diameter d, 
placed on the spherical cap. The triangle PP1P2 is an equilateral triangle 
with side d, whose apices are on the spherical cap, as described in 
Section 2.4. 
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Fig. 18. A cap of a sphere with radius R, whose sweep angle is 
represented by A. The points P1, P2 and P are the centres of three 
touching equal spheres being on the spherical cap. 
Let the origin of the Cartesian coordinate system be at the centre of the 
spherical surface and let the Cartesian coordinates of the centres of the 
three touching equal spheres in Fig. 18 be P1 (X1, Y1, Z1), P2 (X2, Y2, Z2) 
and P (X, Y, Z). Since the distance between points P and P1 is equal to d, 
one can write 
(X – X1)
2 + (Y – Y1)
2 + (Z – Z1)
2 = d 2                        (12) 
Also, the distance between points P and P2 is equal to d, hence 
(X – X2)
2 + (Y – Y2)
2 + (Z – Z2)
2 = d 2                        (13) 
Furthermore, points P, P1 and P2 are on the spherical surface with radius 
R, so 
X 2 + Y 2 + Z 2 = R 2                                      (14) 
X1
2 + Y1
2 + Z1
2 = R 2                                      (15) 
X2
2 + Y2
2 + Z2
2 = R 2                                      (16) 
From Eqn 12 
X 2 + X1
2 – 2X1X + Y
 2 + Y1
2 – 2Y1Y + Z
 2 + Z1
2 – 2Z1Z = d
 2            (17) 
Substituting Eqns 14 and 15 into Eqn 17, 
– 2X1X – 2Y1Y – 2Z1Z = d
 2 – 2R 2                          (18) 
Here again, from Eqn 13, 
X 2 + X2
2 – 2X2X + Y
 2 + Y2
2 – 2Y2Y + Z
 2 + Z2
2 – 2Z2Z = d
 2            (19) 
Substituting Eqns 14 and 16 into Eqn 19, 
– 2X2X – 2Y2Y – 2Z2Z = d
 2 – 2R 2                          (20) 
Multiplying Eqn 18 by –Y2 and Eqn 20 by Y1, 
2Y2X1X + 2Y2Y1Y + 2Y2Z1Z = – Y2 (d
 2 – 2R 2)                 (21) 
– 2Y1X2X – 2Y1Y2Y – 2Y1Z2Z = Y1 (d
 2 – 2R 2)                 (22) 
Adding Eqns 21 and 22, 
2Y2X1X + 2Y2Z1Z – 2Y1X2X – 2Y1Z2Z = (Y1 – Y2) (d
 2 – 2R 2) 
Therefore, 
(2Y2X1 – 2Y1X2)X = –(2Y2Z1 – 2Y1Z2)Z + (Y1 – Y2) (d
 2 – 2R 2) 
So, the magnitude of X can be determined as follows: 
X = (–(2Y2Z1 – 2Y1Z2)Z + (Y1 – Y2) (d
 2 – 2R 2)) / (2Y2X1 – 2Y1X2)  (23) 
By similar operations on Eqns 18 and 20, one obtains 
Y = (–(2X2Z1 – 2X1Z2)Z + (X1 – X2) (d
 2 – 2R 2)) / (2X2Y1 – 2X1Y2)  (24) 
Introducing the following notation for Eqn 23, 
U1 = –(2Y2Z1 – 2Y1Z2) 
U2 = (Y1 – Y2) (d
 2 – 2R 2) 
U3 = 2Y2X1 – 2Y1X2 
one can write 
X = (U1Z + U2) / U3                                   (25) 
Introducing a similar notation for Eqn 24, 
V1 = –(2X2Z1 – 2X1Z2) 
V2 = (X1 – X2) (d
 2 – 2R 2) 
V3 = 2X2Y1 – 2X1Y2 
one can write 
Y = (V1Z + V2) / V3                                   (26) 
Substituting Eqns 25 and 26 into Eqn 14, 
((U1Z + U2) / U3)
2 + ((V1Z + V2) / V3)
2 + Z 2 = R 2 
or 
(U1/U3)
2Z 2 + (U2/U3)
2 + (2U1U2/U3
2)Z + (V1/V3)
2Z 2 + (V2/V3)
2 + 
(2V1V2/V3
2)Z + Z 2 = R 2                                                                         (27) 
Introducing the following notation for Eqn 27, 
U4 = (U1/U3)
2 
U5 = (U2/U3)
2 
U6 = 2U1U2/U3
2 
V4 = (V1/V3)
2 
V5 = (V2/V3)
2 
V6 = 2V1V2/V3
2 
one can write 
U4Z
 2 + U5 + U6Z + V4Z
 2 + V5 + V6Z + Z
 2 = R 2 
or factorising with respect to Z, 
(U4 + V4 + 1)Z
 2 + (U6 + V6) Z + (U5 + V5 – R
 2) = 0           (28) 
Letting 
W1 = U4 + V4 + 1 
W2 = U6 + V6 
W3 = U5 + V5 – R
 2 
the quadratic Eqn 28 becomes 
W1Z
 2 + W2Z + W3 = 0 
Thus, Z can be obtained as 
Z = –W2 ± (W2
2 – 4W1W3 )
0.5 / 2W1                        (29) 
Substituting Eqn 29 into Equations 25 and 26, gives two sets of values 
for the Cartesian coordinates of point P. 
The above calculations show that for each set of two points with 
distance d on a spherical surface (e.g. points P1 and P2), there are two 
points on the surface (e.g. points P3 and P4) with equal distance to each 
of the first two points. Also, the line passing through points P1 and P2 is 
the line of symmetry of points P3 and P4, Fig. 19. 
Fig. 19 shows points P1, P2, P3 and P4 on a spherical cap. Once the 
Cartesian coordinates of points P1 and P2 are known, the Cartesian 
coordinates of points P3 and P4 can be determined in terms of the radius 
of the spherical cap and the distance d. 
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Fig. 19. The points P1, P2, P3 and P4 are the centres of four touching 
equal spheres being on the spherical cap. 
In general, the calculations can be done for any two points on a spherical 
surface, provided that their initial distance is less than 2d. 
4.2. Sweep angles of the rings 
The sweep angle of a ring which is parallel to the base ring of a 
spherical cap is half the central angle of the ring. This angle for the base 
ring and the second ring, are denoted by A1 and A2, respectively, in Fig. 
20. Now, consider three points with distance d on a spherical cap, as 
shown in the figure. Points P1 and P2 are on the base ring and point P3 is 
on the second ring. Let the origin of the Cartesian coordinate system be 
the centre of the spherical surface and let the Z axis pass through the 
North Pole. From triangle ODP3 
cos A2 = Z / R 
Therefore, 
A2 = arccos (Z / R)                                     (30) 
and Z can be obtained from Eqn 29. 
 
Fig. 20. The sweep angle of the base ring of a cap is denoted by A1 and 
that of the second ring is denoted by A2. Points P1 and P2 are on the base 
ring and point P3 is on the second ring with distance d from the first two 
points. 
The parametric Cartesian coordinates of points and the sweep angle of 
the rings on the spherical cap will be used in algebraic process of surface 
sphere packing in the next section. 
5. NUMERICAL FORMULATION OF SPHERE PACKING 
5.1. Formex algebra and Formian 
Formex algebra is a mathematical system that provides a medium for 
processing of information related to geometric forms. The algebra, in the 
present context, is employed to deal with structural configurations. The 
practical use of formex algebra is through the programming language 
Formian. Detailed information about formex algebra, as well as 
Formian, are given in [4] and [5]. 
In what follows, it is assumed that the reader is familiar with the 
concepts of formex algebra and Formian. However, explanations 
regarding the main steps of operations are included for guidance. 
5.2. Single layer lattice domes 
The processes introduced for the operation of the “Surface Sphere 
Packing (SSP)” as described in sections 3 and 4 is written in terms of 
Formian instructions in the sequel. 
To begin with, the case of a single layer lattice spherical dome is 
considered. Such a dome is created on a cap of a sphere. 
5.2.1. Formian instructions using SSP 
In what follows, the formulations given in sections 4.1 and 4.2 are 
turned into Formian instructions. In these formulations, to help in 
following the flow of the operations, the Formian instructions are 
complimented with comments describing the purposes of the 
instructions. 
Comments in Formian are given in between “comment brackets”. A 
comment bracket consists of an asterisk enclosed in parentheses, that is, 
(*). For instance, in lines 2, 3 and 4 of the following program, the 
parameters R, m and A are given initial values and the nature of these 
parameters are expressed as comments in front of them. 
(*) Formian Program for a Single Layer Lattice Dome Using Surface 
Sphere Packing Technique (*) 
R=30;   (*) Circumradius (*) 
m=48;  (*) Number of initial spheres (*) 
A=50;  (*) Sweep angle (*) 
(*) The following section obtains the Cartesian coordinates of point P1 
and P2 (*) 
P1=[1,0,A]; (*) Centre of 1st sphere (in Spherical coordinates) (*) 
P2=[1,2,A]; (*) Centre of 2nd sphere (*) 
Q1=bs(R,360/(2*m),1)|P1;   Q2=bs(R,360/(2*m),1)|P2; 
X1=uniple(1,1)|Q1;   Y1=uniple(1,2)|Q1;   Z1=uniple(1,3)|Q1; 
X2=uniple(1,1)|Q2;   Y2=uniple(1,2)|Q2;   Z2=uniple(1,3)|Q2; 
d=sqrt|((X1–X2)^2+(Y1–Y2)^2+(Z1–Z2)^2); 
(*) The following instruction creates all the elements of the base ring (*) 
E1=rosad(0,0,m,360/m)|[X1,Y1,Z1; X2,Y2,Z2]; 
(*) The following section computes the coordinates of point P in 
accordance with the formulations given in Section 4.1 (*) 
U1=– (2*Z1*Y2–2*Z2*Y1); 
U2=(Y1–Y2)*(d*d–2*R*R); 
U3=2*X1*Y2–2*X2*Y1; 
U4=(U1/U3)^2;   U5=(U2/U3)^2;   U6=2*U1*U2/(U3*U3); 
V1=– (2*Z1*X2–2*Z2*X1); 
V2=(X1–X2)*(d*d–2*R*R); 
V3=2*Y1*X2–2*Y2*X1; 
V4=(V1/V3)^2;   V5=(V2/V3)^2;   V6=2*V1*V2/(V3*V3); 
W1=U4+V4+1;   W2=U6+V6;   W3=U5+V5–R*R; 
W=W2*W2–4*W1*W3; 
Z=(–W2+sqrt|W)/(2*W1);   X=(U1*Z+U2)/U3; 
Y=(V1*Z+V2)/V3;   Q3=[X,Y,Z];  
(*)The following instruction creates all the elements on the base ring 
and between the base ring and the second ring, as shown in Fig. 14 (*) 
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E2=E1#rosad(0,0,m/2,720/m)|{[X1,Y1,Z1; X,Y,Z], 
     [X2,Y2,Z2; X,Y,Z]}; 
(*)The following two instructions compute the position of the second 
ring (*) 
B=asin|(Z/R);   t=B–90+A; 
5.2.2. Resulting pattern using SSP 
The execution of the above Formian program creates the pattern shown 
in Fig. 21. The repetition of the program with the updated sweep angle 
as well as the parameter m will generate the whole configuration as 
shown in Fig. 17b. 
 
Fig. 21. The execution of the Formian program given in Section 5.2.1, 
using SSP technique. All the elements in the pattern are of the same 
length. 
An alternative formulation can be used to change the pattern at the 
crown of the dome, as shown in Fig. 22. In fact, the only difference 
between the formulations in Figs 17b and 22 is in one instruction. 
 
Fig. 22. An alternative configuration for a single layer lattice spherical 
dome, having all the elements of the same length. 
The two dome configurations shown in Figs 17b and 22 are based on the 
introduced technique of Sphere Packing. All the members of these two 
configurations have exactly the same length. Although these 
configurations can be used as practical domes, it is more usual to modify 
the configurations by increasing the triangulisation in different ways. A 
possible example of such modifications is shown in Fig. 23. 
Obviously, members in the modified configurations will not be all of the 
same length, although they will still have a high proportion of equal 
members. For example, the proportion of equal members in Fig. 23 is 
86%. Moreover, the members of this pattern have six different types of 
lengths. 
 
Fig. 23. A modified configuration of a single layer lattice dome, using 
SSP technique. 
5.2.3. A comparison 
To compare the degree of regularity of the configurations produced 
using the SSP technique with commonly used similar configuration, the 
configuration in Fig. 23 is compared with a similar lamella dome. A 
Formian formulation for such a dome, together with the resulting 
configuration, are shown in Fig. 24. In this dome configuration, the 
number of the members is similar to those of Fig. 23. 
The number of types of member lengths in Fig. 24 is 12 and the 
maximum proportion of the members with the same length is 9%. 
Additionally, there is a crowd of members at the crown of the dome in 
Fig. 24, which makes some limitations for the connections. 
 
Fig. 24. A single layer lamella dome and its Formian formulation. 
5.3. Double layer lattice domes 
A further example that has been produced by the first Author for a 
practical project is discussed here. The project is the roof of a sports 
stadium in province Fars, Iran. 
The span of the dome is 74 m and the rise of the structure (above the 
supports) is 8 m. The structure is a double layer system in tubular steel 
with MERO-type nodes. Three different rendering views of the stadium 
are shown in Fig. 25. 
To generate the configuration, Formian is used employing the Surface 
Sphere Packing technique. Two possible alternatives for the stadium 
roof are generated. 
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(a) Elevation view 
 
(b) Section view 
 
(c) Internal view 
Fig. 25. Three rendering views of the structure of a sports stadium in 
province Fars, Iran. The configuration of the roof structure, which is a 
double layer lattice dome, is created by Formian employing the SSP 
technique. © ArchiVision Company [6] 
6. CONCLUSIONS 
The concept of regularity has many aspects but the focus of attention in 
the present paper is on the regularity as it helps in reducing the different 
types of the lengths of members. Of course, it is true that even when 
members are of the same length, the design considerations may demand 
that they should have different cross-sections. However, a structural 
pattern with a high percentage of equal length members has a higher 
probability to give rise to a more limited set of different members. 
The advantages of a structure with a small number of different member 
types are: 
• ease of manufacturing and assembly, 
• smaller number of different types of connectors, 
• smaller number of different cladding panels. 
 The above points are important in reducing the cost and time of 
labelling, packing, sorting and assembly. These in turn helps in reducing 
the probabilities of mistakes in manufacturing and assembly of the 
structure. 
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